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We derive a general relation between the stacking vector u describing the relative shift of two
layers of bilayer graphene and the Chern index. We find C = ν − sign (|VAB | − |VBA|), where ν is a
valley index and |Vαβ | the absolute value of stacking potentials that depend on u and that uniquely
determine the interlayer interaction; AA stacking plays no role in the topological character. With
this expression we show that while ideal and relaxed minimally twisted bilayer graphene appear so
distinct as to be almost different materials, their Chern index maps are, remarkably, identical. The
topological physics of this material is thus strongly robust to lattice relaxations.
I. INTRODUCTION
Ideal and atomically relaxed twist bilayer graphene
are, in the small angle regime, essentially different
materials1–5. While the ideal lattice geometry is that of
a moire´, for θ < 1◦ the material relaxes (“reconstructs”3)
into domains of AB and BA stacking bounded by pure
screw partial dislocations6,7. Evidently, a moire´ encom-
passing equally all stacking types and an ordered struc-
ture of AB and BA domains are very different mate-
rial systems. The remarkable electronic properties of
the graphene twist bilayer have, however, predominately
been established for the ideal geometry8–13 and a natu-
ral question is therefore how the rich electronic physics of
the graphene moire´ is impacted by the profound lattice
relaxation that occurs at small angles5,14,15.
AB and BA stacked bilayer graphene have different
valley Chern numbers, generating a pair of topologically
protected states with valley momentum locking at the
domain walls of regions of AB and BA stacking. In
the ordered network of AB and BA domains that con-
stitute minimally twisted bilayer graphene these one di-
mensional states lead to a “helical network” of valley-
momentum locked states16,17, and a remarkable elec-
trically controllable and complete nesting of the Fermi
surface18, with a correspondingly rich magneto-transport
that is only beginning to be explored17,19. In this paper
we will ask the inverse question to that posed above: can
such a network of one dimensional states be found in the
moire´ as well as the dislocation network?
A priori, this would appear unlikely. It implies that
the topological character of a material consisting of an
ordered mosaic of AB and BA domains be identical to the
smooth stacking modulation of the moire´. Remarkably,
as we show here, the moire´ and the partial dislocation
network have identical topological character, in the sense
that the spatial dependence of the valley Chern number is
indistinguishable between these two systems. This repre-
sents the first example of a property of the twist bilayer
fully robust to lattice relaxation and suggests (i) that
the helical network will survive at twist angles when the
relaxation to a dislocation network is incomplete, and
(ii) that in Dirac-Weyl materials for which the energetic
balance of in-plane strain and interlayer stacking energy
may not favor reconstruction to a dislocation network,
the physics of the “helical network” may nevertheless be
found.
Our approach will be to generalize the widely known
fact that AB and BA stacked bilayer graphene have dif-
ferent valley Chern numbers to a statement concerning
an arbitrary stacking vector and the corresponding Chern
index. Employing the fact that, under quite general as-
sumptions, the interlayer interaction in bilayer graphene
can be represented by three unique “stacking poten-
tials” (corresponding to the three high symmetry stack-
ing types of AB, BA, and AA stacking), we demonstrate
that the valley Chern index C depends only on the sign
of the difference of the AB and BA potentials as
C = ν − sign (|VAB | − |VBA|) (1)
with ν = ±1 an index labeling the conjugate K valleys.
An intervening metallic state is required at a topological
phase transition, and we show that the stacking phase
diagram of bilayer graphene contains “permanent metal
lines” at which the system remains metallic for any inter-
layer bias, and that these lines exactly correspond to the
stacking vectors at which the valley Chern index changes
(Sec. IV). We then numerically investigate the veracity
of Eq. (1) through a series of artificial domain walls for
which C is predicted to be different or identical, as well
as considering the case of one dimensional smooth stack-
ing orders looking for bound states associated with a sign
change of |VAB |−|VBA| (Sec. VI). Finally, we show (Sec.
VII) that employing Eq. (1) the topological character of
both ideal and relaxed twist bilayer graphene is identical.
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II. EFFECTIVE HAMILTONIAN THEORY
In Ref. 20 it was shown that the tight-binding Hamilto-
nian exactly maps onto the following continuum Hamil-
tonian
[H(r,p)]αβ =
1
AUC
∑
Gj
[Mj ]αβ ηαβ(r,Kj + p) (2)
where Gj are the reciprocal lattice vectors and the sum
thus represents the translation group of the expansion
point Kj ; the function ηαβ is the Fourier transform of an
envelope function describing the tight-binding matrix ele-
ments between r and r+δ, ηαβ(r,q) =
∫
dr eiq.δtαβ(r, δ).
The “M matrices” are given by
[Mj ]αβ = e
iGj ·(νnα−νmβ ) (3)
and encode through a mixed space representation the
lattice and basis of the high symmetry system. For fur-
ther details we refer the reader to Ref. 20 as well as sev-
eral applications of the method: to minimally twisted bi-
layer graphene18, partial dislocation networks21–23, and
in-plane deformation fields24,25.
The layer diagonal blocks of Eq. (2) can be Taylor ex-
panded for slow deformation to yield the exact single
layer tight-binding Hamiltonian plus deformation correc-
tions expressed through (at lowest order) the pseudo-
gauge and spatial variation of the Fermi velocity tensor24.
For systems with both intra- and interlayer (stacking) de-
formations the electronic structure is dominated by the
latter18, and so we will not include in-plane effective fields
here. A general form for the interlayer interaction20 is
given by
[S(r,p)]αβ =
1
AUC
∑
j
[Mj ]αβ e
−i∆u(r)·Gj t(Kj + p) (4)
where ∆u(r) is a deformation field describing a local
shift of the two layers by ∆u at r. The C3 symmetry
of graphene demands that each star of the translation
group of momentum boosts encoded in the above equa-
tion is described by the same 3 “M matrices”:
M0 =
(
1 1
1 1
)
, M± =
(
1 e±2pii/3
e∓2pii/3 1
)
(5)
and for this reason the interlayer interaction can there-
fore be expressed as a sum of 3 distinct parts. The most
convenient way in which the interlayer interaction can
be decomposed is then in terms of the three stacking po-
tentials associated with AB, BA and AA stacking, which
have off-diagonal matrix structure σ+, σ−, and σ0 re-
spectively.
We thus have a general form for the Hamiltonian of
bilayer graphene with arbitrary interlayer stacking
Figure 1: Full lines: band structure of AB stacked bilayer
graphene with interlayer bias but the interlayer interaction
switched off. Broken lines: band structure of AB stacked
bilayer graphene. The single layer bands indicated by the
numbers 1-4 are employed as a basis in the calculations of
Sec. III and Sec. IV.
H =
 ∆ νpx − ipy VAA VABνpx + ipy ∆ VBA VAAV ∗AA V ∗BA −∆ νpx − ipy
V ∗AB V
∗
AA νpx + ipy −∆
 (6)
where we have truncated the layer-diagonal blocks at lin-
ear order, which is convenient for the analytical work
which follows. The diagonal blocks are thus Dirac-Weyl
operators with valley index ν = ±1, interlayer bias ∆,
and the Fermi velocity set to unity. The interlayer poten-
tials VAB , VBA, and VAA can be obtained from Eq. (4).
III. FROM STACKING ORDER TO CHERN
INDEX
Analytical calculation of the Berry curvature of Eq. (6)
would, for an arbitrary stacking, represent a formidable
task. To simplify this we break the full Hamiltonian into
two sub-systems: a low energy sector spanned by the
single layer states labeled 1 and 2 in Fig. 1 and a high
energy sector spanned by states 3 and 4. The two basis
sets are therefore
|Ψ1〉 = 1√
2
 1−νeiνφ0
0
 |Ψ2〉 = 1√
2
 001
+νeiνφ
 (7)
for the low energy sector, and
|Ψ3〉 = 1√
2
 1+νeiνφ0
0
 |Ψ4〉 = 1√
2
 001
−νeiνφ
 (8)
iii
for the high energy sector. In these expressions φ =
arctan(ky/kx) is the polar angle of the momentum. The
justification for decomposing the full Hamiltonian in this
way is that the Berry curvature will be associated with
those parts of momentum space that, when the inter-
layer interaction is tuned to zero, have degenerate states.
This is the physics captured by the low energy sector
described by states 1 and 2. In calculating the Berry
curvature for AB and BA stacking Zhang et al.26 em-
ployed an alternative basis of states 1 and 4, calculating
the Berry curvature deep in the valence band. We find
that for the case of a general stacking this leads to an
erroneous AA contribution to the topological invariant;
apparently for the more general case a careful treatment
of the low energy bands becomes important. As we will
show, our result reproduces as a limit those of Ref. 26.
The low energy Hamiltonian in the basis of states 1
and 2 is
H low =
(
∆− |k| O
O∗ −∆ + |k|
)
(9)
while the high energy Hamiltonian in the basis of states
3 and 4 is
Hhigh =
(
∆ + |k| −O
−O∗ −∆− |k|
)
(10)
where the off-diagonal elements are given by
O =
ν
2
(VABe
iνφ − VBAe−iνφ) := |a|eiθ (11)
The eigenvalues of these Hamiltonians are given by
Elow = ±
√
(∆− |k|)2 + |O|2 =: ±ξ, (12)
and
Ehigh = ±
√
(∆ + |k|)2 + |O|2 =: ±ζ (13)
with the eigenvectors given by
vlow± =
1√
2
 √1± ∆−|k|ξ
±
√
1∓ ∆−|k|ξ e−iθ
 =: ( c±±c∓e−iθ
)
(14)
and
vhigh± =
1√
2
 √1± ∆+|k|ζ
±
√
1∓ ∆+|k|ζ e−iθ
 =: ( d±±d∓e−iθ
)
(15)
From these we can then reconstruct the wave func-
tions in the original layer-sublattice space Φlow± =
vlow±,1 |Ψ1〉+ vlow±,2 |Ψ2〉 and Φhigh± = vhigh±,1 |Ψ3〉+ vhigh±,2 |Ψ4〉,
Figure 2: Winding number phase diagram of bilayer graphene
as a function of the relative shift of the two layers u = (ux, uy)
(measured in units of the lattice constant a); red denotes a
winding number of -1 and blue a winding number of +1. AB
stacking corresponds to u = 0, the centre of the diagram,
with BA and AA on the vertices. The stacking type SP is
that found at a partial dislocation core and lies equidistant
between AB and BA. The dashed lines are the “metal lines”
on which the system remains metallic irrespective of the mag-
nitude of the interlayer potential. The labeled crosses are the
stacking vectors used to construct artificial domain walls to
probe bound states associated with changing winding num-
ber; each panel in Fig. 3 corresponds to a pair of stacking
vectors.
and then determine the Berry connection A
low/high
± =
−i
〈
Φ
low/high
±
∣∣∣∂φΦlow/high± 〉, finding
Alow± =
ν
2
(1− c2∓θ′) (16)
for the low energy sector and
Ahigh± =
ν
2
(1− d2∓θ′) (17)
for the high energy sector, where θ′ = ∂φθ. We must now
sum over occupied states Alow− and A
high
− to give
A = Alow− +A
high
− = ν − νθ′ −
1
2
(
∆− |k|
ξ
+
∆ + |k|
ζ
)
(18)
In the limit of large momentum, we can neglect ∆ in
the above expression and both ξ and ζ reduce to |k|,
so thus the bracketed term vanishes. After integrating
iv
around a fixed |k| path, we arrive at an expression for
the Chern number given by
C = ν − θ(2pi)− θ(0)
2pi
(19)
which depends only on the valley index ν = ±1 and the
winding number of O, Eq. (11). Expressing the generally
complex potentials VAB and VBA as their absolute value
and phase, the equation for O can be written in polar
coordinates in the complex plane as
O = −ν
2
[
|VAB|ei(θAB+νφ) − |VBA|ei(θBA−νφ)
]
(20)
= −ν
2
ei
θAB−θBA
2
[
(|VAB| − |VBA|) cosφ′
+i (|VAB|+ |VBA|) sinφ′
]
(21)
and we see that if |VAB| > |VBA|, the ellipse turns counter
clockwise and the winding number is plus one while if
|VAB| < |VBA|, the relative signs of the sine and cosine
terms are different, and the winding number is minus one.
The Chern number for arbitrary stacking is therefore
C = ν − sign (|VAB | − |VBA|) (22)
where the potentials VAB and VBA are related to the
stacking through Eq. (4). Evidently, this result reduces
to the correct form of the Chern index for AB (0 and 2
for the K and K’ valleys respectivey) and BA (2 and 0
for the K and K’ valleys respectively) derived in Ref. 26.
IV. METALLIC LINES IN THE STACKING
PHASE DIAGRAM
The phase diagram of winding number versus stack-
ing vector is shown in Fig. 2. In principle one can
move through this phase diagram by sliding two layers
of graphene and so cross a boundary separating distinct
topological invariants. On such a boundary the gap must
close irrespective of the magnitude of the interlayer po-
tential. To see that the lines separating regions of distinct
topological invariants indeed correspond to “permanent
metal lines” we calculate the band gap using the low en-
ergy Hamiltonian. The eigenvalues of this Hamiltonian
are
E = ±
√
(∆− |k|)2 + |O|2 (23)
and so the gap minimum is at |k| = ∆, and can only
vanish on this circle for
O =
1
2
(VABe
iφ − VBAe−iφ) = 0. (24)
Rewriting the potentials in polar form a = 0 implies
|VAB|ei(φ+θAB) = |VBA|e−i(φ−θBA) (25)
and so for the band gap to vanish at some momentum
angle φ a necessary and sufficient condition is thus that
two potentials have the same magnitude, |VAB| = |VBA|.
The two complex numbers on either side of the equality
are then identical for φ = (θBA − θAB)/2, from which
O = 0 follows. To determine which stacking vectors this
corresponds to, we employ the stacking potentials in the
first star approximation which from Eq. (4) are found to
be
VAB = t
(0)
[
1 + 2e−
2pii
a ux cos
(
2pi√
3a
uy
)]
(26)
VBA = t
(0)
[
1 + 2e−
2pii
a ux cos
(
2pi√
3a
uy +
2pi
3
)]
(27)
and insertion of these potentials in Eq. (25) then yields
uy =
√
3a
2
n+
a√
3
(28)
uy = ±
√
3aux +
√
3am+
a√
3
(29)
with m,n ∈ Z. This corresponds precisely to the three
lines on which the winding number changes sign.
V. NUMERICAL METHOD
In order to probe both the veracity and consequences of
the general relation between topological index and stack-
ing order, Eq. (22), we now turn to numerical calcula-
tions. In what follows we describe our methodology for
both electronic structure simulation and atomic relax-
ation.
A. Electronic structure calculations
We model the interlayer displacement field between the
regions with stacking vectors u1,2 by
∆u = u1 + (u2 − u1) tanh
(
L(x− x0)
w
)
(30)
that depends on three parameters; the location of the
boundary x0, its width w and the length of the unit
unit cell L. As we employ periodic boundary conditions,
we require two domain boundaries which we locate at
x0 = 1/3 and x0 = 2/3. For our tight-binding calcula-
tions we employ a pi-band only approximation and take
the in-plane and interlayer hopping functions to be pa-
rameterized by the same Gaussian form
v(4,5) (5,-5) (5,-6)
(b,c) (a,d) (a,b)
(d,e) (c,f) (e,f)
Figure 3: Probing the topological phase diagram of bilayer graphene. Band structures for domain walls created between
stacking types close to the “metal lines” of the stacking phase diagram separating regions of different valley Chern numbers.
The labeling of each panel corresponds to the stacking vector either side of the domain wall, as indicated in Fig. 2, with the
two stacking regions connected by a continuous change in stacking (“domain wall”) given by Eq. (30) (w = 50a). The band
structures in each row are almost identical, but in the third column gapless states appear. As can be seen from the phase
diagram Fig. 2, in this column the stacking vectors fall either side of the metal line, and hence have different valley Chern
numbers, while in the first two columns the stacking vectors fall on the same side of the metal line.
t(δ) = Ae−Bδ
2
(31)
with A‖ and B‖ are chosen to give an in-plane nearest
neighbor hopping of 2.8eV and the interlayer A⊥ and B⊥
chosen such that the hopping between nearest interlayer
neighbours in the AB structure is 0.4 eV. The magnitude
of B⊥ determines how fast the interlayer interaction de-
cays.
For numerical work we do not need to enforce a restric-
tion to linear momentum (Dirac-Weyl approximation)
and instead use a Hamiltonian in which the layer diago-
nal blocks are the full tight-binding description, with the
layer off-diagonal blocks treated through Eq. (4):
H =
(
H
(1)
TB S(x)
S†(x) H(2)TB
)
(32)
It is numerically efficient to use a basis of single layer
eigenstates, determined from the layer diagonal blocks
as18
H
(n)
TB
∣∣∣Ψ(n)ik 〉 = (n)ik ∣∣∣Ψ(n)ik 〉 (33)
We find a basis size of 1600 of the lowest energy states
from each layer provides good convergence for the low
energy electronic structure of Eq. (32). In this basis the
matrix elements of Eq. (32) are given by
[H]n′i′k′nik = δn′i′k′nik
(n)
ik +(1−δnn′)
〈
Ψ
(n′)
i′k′
∣∣∣S(x)∣∣∣Ψ(n)ik 〉
(34)
B. Lattice relaxation
To calculate atomic relaxation we employ the GAFF
force field27 for the C–C interactions within the graphene
layers and the registry-dependent interlayer potential of
Kolmogorov-Crespi28 using our own implementation7,18.
For the ideal AB-stacked graphene bilayer this calcula-
tional setup results in an equilibrium lattice constant of
vi
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Figure 4: Bound states at the crossing of VAB and VBA poten-
tials. Left hand panels: Band structures for unit cells contain-
ing two boundaries (at x/L = 1/3, and 2/3) with increasing
dislocation widths of 50a, 1000a, 1250a and 1500a for panels
(a), (c), (e), and (g) respectively. The length of the unit cell is
L = 10000a. Right hand panels: The red and black lines indi-
cate the corresponding VAB and VBA potentials. In panel (b)
the potentials indicate a sharp domain wall connecting regions
of AB and BA stacking, with a smooth stacking modulation
as w increases, panel (f). The green lines are the square of the
wavefunction for all states in the gap of the pristine bilayer
(100 meV), see panel (a). Despite the increasingly smooth
modulation, in all cases at the crossing of the VAB and VBA
potentials is seen a series of pronounced bound states. (Note
in panels (b), (d) and (h) a restricted region of the unit cell
is shown for ease of identification of the correspondence of
potential crossing with bound state).
a0 = 2.441 A˚ and an interlayer distance of dAB = 3.370 A˚.
Shifting the graphene layers to AA stacking increases the
layer separation to dAA = 3.597 A˚ (+0.227A˚ as com-
pared to AB stacking). The AA-stacked bilayer has
a higher energy of 4.4 meV per atom as compared to
AB-stacking, corresponding to a stacking fault energy
of γAA = 54.9 mJ/m
2. In SP stacking order (see Fig. 2)
the equilibrium distance of the graphene layers and the
stacking fault energy are dSP = 3.390 A˚ (+0.020 A˚) and
γSP = 7.1 mJ/m
2 (0.6 meV per atom), respectively, in
excellent agreement with ACFDT-RPA calculations of
Srolovitz et al.29.
VI. PROBING THE PHASE DIAGRAM
We consider a model system consisting a periodic unit
cell with domain walls at x = 1/3 and x = 2/3 separating
regions of stacking in the sequence u1 → u2 → u1. By
choosing u1 and u2 to have either the same or different
valley Chern numbers according to the phase diagram of
Fig. 2, a robust test of the relation between valley Chern
number and stacking vector can be performed. In Fig. 3
we show band structures that result from choosing u1,2
in this way. The corresponding stacking vectors for each
panel can be read off from the panel label and, as may
be observed, in each case where u1,2 fall either side of a
metal line gapless states are found in the spectrum.
As a further numerical test, we probe the oc-
currence of bound states at nodes of the function
sign (|VAB| − |VBA|), in systems with smoothly modu-
lated stacking potentials. We consider a unit cell L =
10000a in which we have two partial dislocations at
x = 1/3 and x = 2/3 separating regions of AB and
BA stacking; the stacking sequence through the unit cell
is thus AB→BA→AB, with the domain walls charac-
terized by the partial Burgers vectors (0,−√2/3)a and
(0,+
√
2/3)a. A smooth stacking variation can then be
obtained simply by allowing the partial width to be-
come comparable to L. In Fig. 4 we see the band struc-
tures (left column) and squared wave functions and inter-
layer potentials (right column) for dislocation widths of
w = 50a (a realistic patial dislocation width), and 1000a,
1250a and 1500a. For the systems shown here we have
taken B⊥ = 4, a fast decaying potential. This implies
that for the misregistry of the layers seen within the core
of partial dislocation a weak interlayer interaction, as for
hopping vectors much greater in length than the mini-
mal interlayer nearest neighbour separation the hopping
matrix element quickly falls to zero. This is the reason
for the overall weaker interaction seen at the centre of
the cell. While this decay is significantly faster than in
bilayer graphene (the tight-binding fitting of Ref. 30 cor-
responds to B⊥ = 0.43) it generates the crossing of AB
and BA potentials that we require for a numerical test of
Eq. (22).
As can be seen from Fig. 4, as the sharp AB→BA→AB
transition of the partial dislocation is broadened to a
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Figure 5: Stacking order and Chern index of the twist bilayer. In columns (a-c) are shown the absolute values of the VAB , VBA,
and VAA potentials of a series of twist bilayers. The ideal twist bilayer for θ = 0.1
◦ ([p, q] = [1, 661] in the notation of Ref. 9) is
shown in panels 1a-1c, and a similar picture would be found for any angle. In rows 2-4 the stacking potentials for the relaxed
twist bilayer at twist angles of 0.1◦, 0.33◦, ([p, q] = [1, 199]) and 1.02◦ ([p, q] = [1, 65]) are displayed. Evidently, at small angles
the ideal and relaxed structures appear to be two completely different materials. The difference of |VAB | − |VBA|, however,
exhibits a closer resemblance between the different systems (panels 1d-4d), and the sign of this difference, which determines
the valley Chern number, is essentially identical for all systems (panels 1e-4e).
smooth modulation, an increasing number of states ap-
pear in the gap, which is almost closed for the w = 1250a
system. However, for each system there are two crossing
points of the stacking potentials |VAB | and |VBA| and at
each, as predicted by the change in topological index,
bound states are seen in the right hand panel. (Note
that to clearly associate the bound state with the cross-
ing of |VAB | and |VBA| in panels (b), (d), and (h), we
show a restricted view of a single crossing point.) For
the 50a domain wall two right moving and two left mov-
ing linear gapless states very similar to those reported in
the literature30 can be seen; this is expected from bulk
boundary correspondence as the difference in Chern num-
ber across the boundary is 2. As the dislocation broad-
ens the gap fills with an increasing number of additional
states. In each case, however, exactly at the crossing
points of |VAB | − |VBA| bound states are observed, ful-
filling the expectation of Eq. (22). Note that all states
in the gap of the pristine bilayer (100 meV) are shown in
right hand panels, which accounts for the large number
of states in each panel.
VII. A CHERN INDEX MAP OF THE TWIST
BILAYER
Having numerically tested the veracity of the relation
between valley Chern number and stacking vector, we
now address the question as to how the spatial variation
of the valley Chern index is impacted by lattice relaxation
in minimally twisted bilayer graphene. For the ideal twist
bilayer (row 1, θ = 0.1◦) the stacking potentials show an
equal weight of AB, BA and AA stacking types in the
system (as they would for any three stacking projections
which would produce a very similar picture but with po-
tential maxima shifted off the high symmetry positions).
Upon lattice relaxation this potential landscape dramati-
cally alters: in row 2 we see that the AA potential has all
but vanished, remaining only weakly visible at the dislo-
cation core and nodes, with the AB and BA potentials
describing a mosaic tiling with C3 symmetry. Increasing
the twist angle smooths the edges of this mosaic, and
increases strength of the AA potential contribution, see
row 3 (θ = 0.33◦) and row 4 (θ = 1.02◦). The 4th and 5th
columns of this figure display the difference |VAB |−|VBA|,
viii
Figure 6: Density of states and Fermi surfaces for relaxed and unrelaxed minimally twisted bilayer graphene for a twist angle
of θ = 1.02◦ in an applied bias of V = 200 meV. Left hand panel: While the density of states changes significantly close to
the Dirac point upon atomic relaxation, the low DOS region between the Dirac point and shoulder peaks remains very similar.
Right hand panel: This robustness to relaxation extends to the Fermi surfaces, which upon relaxation exhibit hybridization at
the intersection of the nested Fermi lines and some change in the nesting vector, but remain qualitatively the same in both ideal
and relaxed structures. Note that the energies at which the Fermi surfaces are evaluated are scaled so that they correspond to
the same relative position between the Dirac and shoulder peaks.
and the winding number sign(|VAB | − |VBA|). Remark-
ably, we see that the spatial variation of the winding
number is identical for all systems. From the results
of Secs. III and VI, this indicates that the formation of
valley-momentum helical states, which is driven by the
changing valley Chern number, will be impacted only in
details by lattice relaxation.
To examine this we show in Fig. 6 the density of
states and Fermi surfaces for a twist bilayer of θ = 1.02◦
([p, q] = [1, 65] in the notation of Ref. 9). While the den-
sity of states shows pronounced changes close to the Dirac
point, the “valley” between the Dirac point peak and the
two shoulder peaks remain largely unchanged. This low,
almost constant DOS in the valley region corresponds to
the gapless topological states, and as can be seen from
the Fermi surfaces, Fig. 6b, the details of this band struc-
ture remain qualitatively the same, with some increased
hybridization due to relaxation opening the intersection
points of the nested Fermi surface (particularly seen in
panel Fig. 6g).
VIII. DISCUSSION
We have provided a general relation between the topo-
logical invariant of bilayer graphene and the stacking vec-
tor that describes mutual translation of the layers. We
find that the Chern index is given by C = ν−sign(|VAB |−
|VBA|), with |VAB | and |VBA| the AB and BA compo-
nents of the interlayer stacking potential. This gener-
alizes the well known result that AB and BA stacked
bilayer graphene have valley Chern numbers of 0 and 2
(for the K and K’ valley) and 2 and 0 respectively. A con-
sequence of this generalization is that the valley Chern
number is now associated with a condition on the inter-
layer fields rather than the fixed AB and BA structures,
and this allows consideration of the occurrence of topo-
logically protected states in regions of smooth stacking
variation, such as moire´s. As a numerical test of this
we have performed simulations of artificially broadened
domain walls finding bound states at the crossing of the
|VAB | and |VBA|, as would be expected due to the change
in value of C at this point.
With this tool in hand we have examined the valley
Chern number for minimally twisted bilayer graphene,
finding that the underlying spatial dependence of the val-
ley Chern index is, essentially, independent of atomic re-
laxation. The topological physics of this material, in par-
ticular helical network states, is thus qualitatively sim-
ilar in the ideal and relaxed twist bilayer. In fact, the
ideal twist geometry can be expected to have a much
“cleaner” manifestation of the helical network due to the
reduced scattering as the interlayer interaction contains
only three (first star) momentum boosts, as opposed to
the continuum of momentum boosts of the dislocation
network.
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